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Abstract
Shapiro gave a combinatorial proof of a bilinear generating function for Chebyshev
polynomials equivalent to the formula
1
1− ax− x2
∗
1
1− bx− x2
=
1− x2
1− abx− (2 + a2 + b2)x2 − abx3 + x4
,
where ∗ denotes the Hadamard product. In a similar way, by considering tilings of a
2× n rectangle with 1× 1 and 1× 2 bricks in the top row, and 1× 1 and 1× n bricks
in the bottom row, we find an explicit formula for the Hadamard product
1
1− ax− x2
∗
xm
1− bx− xn
.
1 Introduction
The Fibonacci numbers (A000045) are defined by F0 = 0, F1 = 1, and for n ≥ 2, Fn =
Fn−1 + Fn−2. It is convenient to write fn for Fn+1 so that fn is the number of ways to tile a
1×n strip with 1×1 square bricks and 1×2 rectangular bricks [1]. The number of tilings of
a 1×n strip with k bricks is the coefficient of xn in (x+x2)k, so we know that the generating
function [2] for Fibonacci numbers is
∞∑
n=0
fnx
n =
1
1− x− x2
.
We now define the polynomial fn(a) by
1
1− ax− x2
=
∞∑
n=0
fn(a)x
n. (1)
Then we have that fn(1) = fn and fn(a) can be interpreted as the sum of the weights of
tilings of a 1 × n strip with 1 × 1 square bricks weighted by a and 1 × 2 rectangular bricks
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weighted by 1. By applying the geometric series and binomial series to (1 − ax − x2)−1 we
obtain that (A011973)
fn(a) =
⌊n
2
⌋∑
k=0
(
n− k
k
)
an−2k. (2)
So, f0(a) = 1, f1(a) = a, f2(a) = 1 + a
2, f3(a) = 2a+ a
3, f4(a) = 1 + 3a
2 + a4, etc.
Louis W. Shapiro [5] gave a combinatorial proof of a bilinear generating function for
Chebyshev polynomials equivalent to
∞∑
n=0
fn(a)fn(b)x
2n =
1− x4
1− abx2 − (2 + a2 + b2)x4 − abx6 + x8
. (3)
The Hadamard product G ∗ H of the power series G(x) =
∑
k≥0 g(k)x
k and H(x) =∑
k≥0 h(k)x
k is defined by
G ∗H =
∑
k≥0
g(k)h(k)xk.
If G(x) and H(x) are rational power series, then so is the Hadamard product G ∗ H [6,
p. 207].
Using the notation of Hadamard product, we can rewrite (3) as
1
1− ax− x2
∗
1
1− bx− x2
=
1− x2
1− abx − (2 + a2 + b2)x2 − abx3 + x4
. (4)
In this paper, I will review Shapiro’s proof of (4), and extend this approach to find an explicit
formula for the Hadamard product
1
1− ax− x2
∗
xm
1− bx− xn
.
The MacMahon operator Ω≥ is defined on formal Laurent series by
Ω≥
∞∑
n=−∞
anx
n =
∞∑
n=0
an. (5)
We assume that the above sum (5) converges in an appropriate sense.
We can express the MacMahon operator Ω≥ in terms of Hadamard products. Let G(x) =∑
i≥0 g(i)x
i and H(x) =
∑
j≥0 h(j)x
j be power series. Then
G(x)H(x−1) =
∑
i≥0
∑
j≥0
g(i)h(j)xi−j.
Since
∑
i≥0(
∑
j≤i h(j))x
i = H(x)/(1− x), we have that
Ω≥G(x)H(x
−1) =
∞∑
i=0
i∑
j=0
g(i)h(j) =
(
G(x) ∗
H(x)
1− x
)∣∣∣
x=1
. (6)
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In [3], G.-N. Han used computer algebra to show that
Ω≥
1
(1− zx − zx2)(1− y/x− y/x2)
=
1 + z2y
(1− 2z)(1− 3zy − z2y − zy2)
.
We will derive Han’s result from our formula for 1/(1− ax− x2) ∗ 1/(1− bx− x3).
2 Hadamard products
Now we review Shapiro’s [5] proof of a formula for the Hadamard product
1
1− ax− x2
∗
1
1− bx− x2
=
∞∑
k=0
fk(a)fk(b)x
k. (7)
We consider (7) as counting pairs of tilings. The coefficient fk(a)fk(b) of x
k counts tilings
of a 2 × k rectangle with 1 × 1 square bricks weighted by a and 1 × 2 rectangular bricks
weighted by 1 in the top row, and 1 × 1 square bricks weighted by b and 1 × 2 rectangular
bricks weighted by 1 in the bottom row, as in the following figure:
a a a a a a a
b b b b b b b
The vertical line segments passing from top to bottom serve to factor these tilings into
tilings of smaller length. For example, the following figure shows the factorization of the
above figure.
a a a a a a a
b b b b b b b
Let’s define a prime block to be a tiling that cannot be factored any further without cutting
it through the middle of some brick. So these prime blocks can be classified as follows:
The prime block of length 1:
The prime blocks of length 2:
, ,
The prime blocks of length 2k + 1 ≥ 3, together with the result of interchanging the two
rows:
· · ·
· · ·
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The prime blocks of length 2k ≥ 4, together with the result of interchanging the two rows:
· · ·
· · ·
Thus the generating function P2(x) for the weighted prime blocks of the Hadamard product
is
P2(x) = abx + (1 + a
2 + b2)x2 +
∞∑
k=1
2abx2k+1 +
∞∑
k=2
(a2 + b2)x2k
= abx + (1 + a2 + b2)x2 +
2abx3
1− x2
+
(a2 + b2)x4
1− x2
=
abx+ (1 + a2 + b2)x2 + abx3 − x4
1− x2
.
Since any tiling can be factored uniquely as a sequence of prime blocks [4, p. 1027–1030], we
have (1 − ax − x2)−1 ∗ (1− bx − x2)−1 = 1/(1− P2(x)). So we obtain the following explicit
formula:
1
1− ax− x2
∗
1
1− bx− x2
=
1− x2
1− abx − (2 + a2 + b2)x2 − abx3 + x4
, (8)
which is equivalent to Shapiro’s result. Letting a = 1 and b = 1 in equation (8), we have [6,
p. 251] (A007598)
∞∑
n=0
f 2nx
n =
1− x
1− 2x− 2x2 + x3
.
As noted by Shapiro [5], (8) can be written as an identity for Chebyshev polynomials.
The Chebyshev polynomials of the second kind Un(a) (n ≥ 0) (A093614) can be defined by
the generating function
1
1− 2az + z2
=
∞∑
n=0
Un(a)z
n.
By substituting −2ai for a and iz for x in equation (1) we have the relation Un(a) =
infn(−2ai), and from the identity (2) we have
Un(a) =
⌊n
2
⌋∑
k=0
(
n− k
k
)
(−1)k(2a)n−2k.
By replacing a, b, and x with −2ai, −2bi, and −z respectively in equation (8) we can
obtain the Chebyshev polynomial identity
∞∑
n=0
Un(a)Un(b)z
n =
1− z2
1− 4abz − (2− 4a2 − 4b2)z2 − 4abz3 + z4
.
We now want to prove an identity which we will use later.
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Lemma 2.1. For m ≥ −1 and n ≥ −1,
fm(a)fn+1(a)− fm+1(a)fn(a) = (−1)
min(m,n+1)f|m−n|−1(a), (9)
where f−1(a) = 0.
Proof. Fix m > n > 0 and let A be the set of tilings of a 1 × m strip and a 1 × (n + 1)
strip with 1 × 1 square bricks weighted by a and 1 × 2 rectangular bricks weighted by 1.
Then there are fm(a)fn+1(a) weighted tilings in A. Similarly, let B be the set of tilings of
a 1 × (m + 1) strip and a 1 × n strip with 1 × 1 square bricks weighted by a and 1 × 2
rectangular bricks weighted by 1. Then there are fm+1(a)fn(a) weighted tilings in B. Now
we will find a bijection from a subset A to the set B if n is odd, a bijection from a subset of
B to the set A if n is even that proves (9). Let’s consider a tiling in A drawn in two rows so
that the top row is a 1×m strip and the bottom row is a 1× (n+ 1) strip indented m− n
spaces, as follows:
· · ·
←− m−n −→ · · ·
Let’s find the rightmost vertical line segment, if there is one, that passes through both strips
without cutting through the middle of some brick. We call the part of the tiling to the right
of this line the tail of the tiling. In the following figure the tail is separated.
· · ·
· · ·
Switching the two rows of the tail of this tiling produces the following tiling in B:
· · ·
←− m−n −→ · · ·
where the top row is a 1× (m+1) strip and the bottom row is a 1× n strip indented m− n
spaces.
When n is odd, this tail switching pairs up every element of A with every element of B
except for the tilings in A of the form:
· · · · · · · · ·
←− m−n −→ · · ·
where the top row is a 1×m strip, the bottom row is a 1×(n+1) strip indented m−n spaces,
· · · · · · represents any strip of lengthm−n−1 tiled with 1×1 square bricks and 1×2
rectangular bricks, and every other brick is 1×2. In this case, tail switching cannot be applied
to the tiling. So there are fm−n−1(a) weighted tilings in the set A which cannot matched
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with those in the set B by tail switching. Therefore we have fm(a)fn+1(a)− fm+1(a)fn(a) =
fm−n−1(a).
When n is even, tail switching pairs up every element of A with every element of B except
for the tilings in B of the form:
· · · · · · · · ·
←− m−n −→ · · ·
where the top row is a 1×(m+1) strip, the bottom row is a 1×n strip indented m−n spaces,
· · · · · · represents any strip of lengthm−n−1 tiled with 1×1 square bricks and 1×2
rectangular bricks, and every other brick is 1×2. In this case, tail switching cannot be applied
to the tiling. So there are fm−n−1(a) weighted tilings in the set B which cannot matched
with those in the set A by tail switching. Therefore we have fm(a)fn+1(a)− fm+1(a)fn(a) =
−fm−n−1(a).
In the case m > n = 0, the definition of the tail must be modified slightly. We leave the
details to the reader. Now suppose n > m. Let D(m,n) = fm(a)fn+1(a) − fm+1(a)fn(a).
Then D(m,n) = −D(n,m) = (−1)mfn−m−1(a). This is equivalent to the desired formula.
In the other cases in which m or n is −1 or m = n, we can easily see that equation (9) is
true because f−1(a) = 0.
A special case of the identity (9) for m = n+ 1 and a = 1 is Cassini’s Fibonacci identity
f 2n+1 − fn+2fn = (−1)
n+1 which was proved in the same way in [1, p. 8] and [7].
Next, we can use this combinatorial method to obtain an explicit formula for Hadamard
product (1− ax− x2)−1 ∗ (1− bx− xn)−1.
Theorem 2.1. The Hadamard product
1
1− ax− x2
∗
1
1− bx− xn
is equal to
1− fn−2x
n
1− abx− b2x2 − (fn + fn−2)xn − (2bfn−1 − abfn−2)xn+1 + (−1)nx2n
where fn represents fn(a), f−1 = 0, and n ≥ 2.
Proof. We now consider the Hadamard product
1
1− ax− x2
∗
1
1− bx− xn
(10)
as counting tilings, using 1× n rectangular bricks instead of 1× 2 rectangular bricks in the
bottom row. In this setting a prime block cannot have a 1 × 1 square brick in the bottom
row anywhere except at the beginning or end. The possible prime blocks can be classified
as follows:
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The prime block of length 1:
The prime blocks of length n: ⊗⊗⊗⊗⊗
The prime blocks of length nk (k ≥ 2):
⊗⊗⊗⊗ ⊗⊗⊗ ⊗⊗⊗
· · ·
⊗⊗⊗ ⊗⊗⊗⊗
· · ·
The prime blocks of length nk + 1 (k ≥ 1):
⊗⊗⊗⊗ ⊗⊗⊗ ⊗⊗⊗
· · ·
⊗⊗⊗ ⊗⊗⊗
· · ·
⊗⊗⊗ ⊗⊗⊗ ⊗⊗⊗
· · ·
⊗⊗⊗ ⊗⊗⊗⊗
· · ·
The prime blocks of length nk + 2 (k ≥ 0):
⊗⊗⊗ ⊗⊗⊗ ⊗⊗⊗
· · ·
⊗⊗⊗ ⊗⊗⊗
· · ·
where
⊗⊗⊗
,
⊗⊗⊗⊗
, and
⊗⊗⊗⊗⊗
represent any strips of length n− 2, n− 1, and n respec-
tively tiled with 1× 1 square bricks and 1× 2 rectangular bricks.
Thus the generating function Pn(x) for the weighted prime blocks of the Hadamard
product (10) is
Pn(x) = abx+ fn(a)x
n +
∞∑
k=1
2bfn−1(a)fn−2(a)
k−1xnk+1
+
∞∑
k=0
b2fn−2(a)
kxnk+2 +
∞∑
k=2
fn−1(a)
2fn−2(a)
k−2xnk
= abx+ fn(a)x
n +
2bfn−1(a)x
n+1
1− fn−2(a)xn
+
b2x2
1− fn−2(a)xn
+
fn−1(a)
2x2n
1− fn−2(a)xn
=
abx+ b2x2 + fn(a)x
n +
(
2bfn−1(a)− abfn−2(a)
)
xn+1 + (−1)n−1x2n
1− fn−2(a)xn
where we have used the identity fn−1(a)
2−fn(a)fn−2(a) = (−1)
n−1 obtained by substituting
n−1 for m and n−2 for n in the identity (9) of Lemma 2.1. Since any tiling can be factored
uniquely as a sequence of prime blocks, we obtain that (1− ax − x2)−1 ∗ (1− bx− xn)−1 =
1/(1− Pn(x)). This is equivalent to the desired formula.
Note that Theorem 2.1 also holds for n = 1. The polynomials fn(a)+fn−2(a) in Theorem
2.1 are Lucas polynomials (A114525).
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Using (6) we can prove Han’s result
Ω≥
1
(1− zx − zx2)(1− y/x− y/x2)
=
1 + z2y
(1− 2z)(1− 3zy − z2y − zy2)
, (11)
by computing the Hadamard product 1/(1− zx− zx2) ∗ 1/((1− yx− yx2)(1− x)) and then
setting x = 1. Substituting z1/2 for a and z1/2x for x in 1/(1 − ax − x2) gives 1/(1− zx −
zx2), and substituting (y + 1)/(−y)1/3 for b and (−y)1/3x for x in 1/(1 − bx − x3) gives
1/(1− (y + 1)x+ yx3). Making these substitutions in Theorem 2.1 and using the fact that
if f(x) ∗ g(x) = h(x) then f(αx) ∗ g(βx) = h(αβx), we have that the Hadamard product
1
1− zx − zx2
∗
1
1− (y + 1)x+ yx3
is equal to
1 + z2yx3
1− (zy + z)x− z(y + 1)2x2 + (3z2y + z3y)x3 + (z3y + 2z2y)(y + 1)x4 − z3y2x6
.
Then setting x = 1 gives Han’s result (11), which he proved in a more complicated way.
We now modify the above setting to obtain a formula for the Hadamard product 1/(1−
ax− x2) ∗ xm/(1− bx− x2).
Theorem 2.2. The Hadamard product
1
1− ax− x2
∗
xm
1− bx− x2
is equal to
fm(a)x
m + bfm−1(a)x
m+1 − fm−2(a)x
m+2
1− abx − (2 + a2 + b2)x2 − abx3 + x4
where f−1(a) = 0, and f−2(a) = 1.
Proof. When m = 0, the formula reduces to (8). When m ≥ 1, we consider the Hadamard
product
1
1− ax− x2
∗
xm
1− bx− x2
as counting tilings. We modify the tilings of a 2 × k rectangle so that the bottom row
starts with a 1 ×m rectangular brick to account for the factor xm in xm/(1 − bx − x2). In
this setting the first block where the bottom row starts with a 1×m rectangular brick will
be different from all the others, but the following blocks can be built up from a sequence
of prime blocks which are exactly the same as the prime blocks in the Hadamard product
(1− ax− x2)−1 ∗ (1− bx− x2)−1. The first blocks can be classified as follows:
The first blocks of length m: ⊗⊗⊗⊗⊗
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The first blocks of length m+ 2k (k ≥ 1):
⊗⊗⊗⊗
· · ·
· · ·
The first blocks of length m+ 2k + 1 (k ≥ 0):
⊗⊗⊗⊗
· · ·
· · ·
where
⊗⊗⊗⊗
and
⊗⊗⊗⊗⊗
represent any strips of length m− 1 and m respectively tiled
with 1 × 1 square bricks and 1 × 2 rectangular bricks. So the generating function Qm,2(x)
where m ≥ 2 for weighted first blocks is
Qm,2(x) = fm(a)x
m +
∞∑
k=1
afm−1(a)x
m+2k +
∞∑
k=0
bfm−1(a)x
m+2k+1
= fm(a)x
m +
afm−1(a)x
m+2
1− x2
+
bfm−1(a)x
m+1
1− x2
=
fm(a)x
m + bfm−1(a)x
m+1 − fm−2(a)x
m+2
1− x2
.
Since any tiling can be factored uniquely as a first block followed by a sequence of prime
blocks, we have 1/(1−ax−x2)∗xm/(1− bx−x2) = Qm,2(x)/(1−P2(x)) where m ≥ 1. This
is equivalent to the desired formula.
Now we can generalize the previous theorem by computing an explicit formula for the
Hadamard product 1/(1− ax− x2) ∗ xm/(1− bx− xn).
Theorem 2.3. The Hadamard product
1
1− ax− x2
∗
xm
1− bx− xn
is equal to
fmx
m + bfm−1x
m+1 + (−1)min(m−1,n−1)f|m−n+1|−1x
m+n
1− abx− b2x2 − (fn + fn−2)xn − (2bfn−1 − abfn−2)xn+1 + (−1)nx2n
where fn represents fn(a), f−1 = 0, m ≥ 0, and n ≥ 2.
Proof. When m = 0, Theorem 2.3 reduces to Theorem 2.1. Let’s consider the Hadamard
product
1
1− ax− x2
∗
xm
1− bx− xn
as counting pairs of tilings where m ≥ 1 and n ≥ 2. We slightly modify the above tiling
by using 1 × n rectangular bricks instead of 1 × 2 rectangular bricks in the bottom row.
In this setting, the first block where the bottom row starts with a 1 ×m rectangular brick
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will be different from all the others, but the following blocks can be built up from a se-
quence of prime blocks whick are exactly the same as the prime blocks in the Hadamard
product (1−ax−x2)−1∗(1−bx−xn)−1. The possible first blocks can be classified as follows:
The first blocks of length m: ⊕⊕⊕⊕⊕⊕
The first blocks of length m+ nk (k ≥ 1):
⊕⊕⊕⊕⊕ ⊗⊗⊗ ⊗⊗⊗
· · ·
⊗⊗⊗ ⊗⊗⊗⊗
· · ·
The first blocks of length m+ nk + 1 (k ≥ 0):
⊕⊕⊕⊕⊕ ⊗⊗⊗ ⊗⊗⊗
· · ·
⊗⊗⊗ ⊗⊗⊗
· · ·
where
⊗⊗⊗
,
⊗⊗⊗⊗
,
⊕⊕⊕⊕⊕
,
⊕⊕⊕⊕⊕⊕
represent any strips of length n − 2, n − 1,
m− 1 and m respectively tiled with 1× 1 square bricks and 1× 2 rectangular bricks.
So the generating function Qm,n(x) where m ≥ 1 and n ≥ 2 for the weighted first blocks
is
Qm,n(x) = fm(a)x
m +
∞∑
k=1
fm−1(a)fn−1(a)fn−2(a)
k−1xm+nk
+
∞∑
k=0
bfm−1(a)fn−2(a)
kxm+nk+1
= fm(a)x
m +
fm−1(a)fn−1(a)x
m+n
1− fn−2(a)xn
+
bfm−1(a)x
m+1
1− fn−2(a)xn
=
fm(a)x
m + bfm−1(a)x
m+1 +
(
fm−1(a)fn−1(a)− fm(a)fn−2(a)
)
xm+n
1− fn−2(a)xn
=
fm(a)x
m + bfm−1(a)x
m+1 + (−1)min(m−1,n−1)f|m−n+1|−1(a)x
m+n
1− fn−2(a)xn
where we use the identity fm−1(a)fn−1(a) − fm(a)fn−2(a) = (−1)
min(m−1,n−1)f|m−n+1|−1(a)
obtained by substituting m−1 for m and n−2 for n in the identity (9) of Lemma 2.1. Since
any tiling can be factored uniquely as a first block followed by a sequence of prime blocks,
we have that 1/(1 − ax − x2) ∗ xm/(1 − bx − xn) = Qm,n(x)/(1 − Pn(x)) where m ≥ 1 and
n ≥ 2. This is equivalent to the desired formula.
Note that Theorem 2.3 also holds for n = 1. In Theorem 2.3, there are some special
cases: when b = 0, we have that
∑
k≥0
fm+nk(a)x
m+nk =
fm(a)x
m + (−1)min(m−1,n−1)f|m−n+1|−1(a)x
m+n
1− (fn(a) + fn−2(a))xn + (−1)nx2n
.
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In particular, when n = 1 and b = 0, we have that
∑
k≥m
fk(a)x
k =
fm(a)x
m + (−1)min(m−1,0)fm−1(a)x
m+1
1− ax− x2
.
Using a similar method, we can also compute an explicit formula for the Hadamard
product xm/(1− ax− x2) ∗ 1/(1− xn).
Theorem 2.4. For positive integer m ≥ 1 and n ≥ 2, the Hadamard product
xm
1− ax− x2
∗
1
1− xn
is equal to
fn−r(a)x
(q+1)n + (−1)n−r−1f|r−1|−1(a)x
(q+2)n
1− (fn(a) + fn−2(a))xn + (−1)nx2n
if m = qn+ r for some positive integers q and r with 0 < r < n, and is equal to
xm − fn−2(a)x
m+n
1− (fn(a) + fn−2(a))xn + (−1)nx2n
if m = qn for some positive integer q.
Proof. Let’s consider the Hadamard product
xm
1− ax− x2
∗
1
1− xn
as counting pairs of tilings. We modify the tilings of a 2×k rectangle in the proof of Theorem
2.3 so that the top row starts with a 1 ×m rectangular brick to account for the factor xm
in xm/(1 − ax − x2). In this setting the first block where the top row starts with a 1 ×m
rectangular brick will be different from all the others, but the following blocks can be built
up from a sequence of prime blocks whick are exactly the same as the prime blocks in the
Hadamard product 1/(1 − ax− x2) ∗ 1/(1 − xn). The possible first blocks can be classified
as follows:
The first blocks of length (q + 1)n:
⊕⊕⊕
The first blocks of length (q + k)n (k ≥ 2):
⊕⊕
· · ·
⊗⊗⊗⊗ ⊗⊗⊗⊗⊗
· · ·
where
⊕⊕
,
⊕⊕⊕
,
⊗⊗⊗⊗
,
⊗⊗⊗⊗⊗
represent any strips of length n− r − 1, n− r, n− 2
and n− 1 respectively tiled with 1× 1 square bricks and 1× 2 rectangular bricks.
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So the generating function Rm,n(x) where m = qn + r and 0 < r < n for the weighted
first blocks is
Rm,n(x) = fn−r(a)x
(q+1)n +
∞∑
k=2
fn−1−r(a)fn−1(a)fn−2(a)
k−2x(q+k)n
= fn−r(a)x
(q+1)n +
fn−1−r(a)fn−1(a)x
(q+2)n
1− fn−2(a)xn
=
fn−r(a)x
(q+1)n +
(
fn−1(a)fn−r−1(a)− fn−2(a)fn−r(a)
)
x(q+2)n
1− fn−2(a)xn
=
fn−r(a)x
(q+1)n + (−1)min(n−r−1)f|r−1|−1(a)x
(q+2)n
1− fn−2(a)xn
where we use the identity fn−1(a)fn−r−1(a)− fn−2(a)fn−r(a) = (−1)
min(n−r−1,n−1)f|r−1|−1(a)
obtained by substituting n− 2 for m and n− r − 1 for n in the identity (9) of Lemma 2.1.
Since any tiling can be factored uniquely as a first block followed by a sequence of prime
blocks, we have that xm/(1− ax−x2) ∗ 1/(1−xn) = Rm,n(x)/(1−Pn(x)) where b = 0. This
is equivalent to the desired formula.
When m = qn, we have only one first block of length m:
So the generating function Rm,n(x) for the weighted first blocks is Rm,n(x) = x
m. Therefore
we have that xm/(1−ax−x2)∗1/(1−xn) = xm/(1−Pn(x)) where b = 0. This is equivalent
to the desired formula
Note that Theorem 2.4 also holds for n = 1.
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